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Adapted basic connections to a certain subfoliation on the
tangent manifold of a Finsler space
Adelina Manea and Cristian Ida
Abstract
On the slit tangent manifold TM0 of a Finsler space (M,F ) there are given some
natural foliations as vertical foliation and some other fundamental foliations produced
by the vertical and horizontal Liouville vector fields, see [ A. Bejancu, H. R. Farran,
Finsler Geometry and Natural Foliations on the Tangent Bundle, Rep. Math. Physics
58, No. 1 (2006), 131-146]. In this paper we consider a (n, 2n − 1)-codimensional
subfoliation (FV ,FΓ) on TM
0 given by vertical foliation FV and the line foliation
spanned by vertical Liouville vector field Γ and we give a triplet of basic connections
adapted to this subfoliation.
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1 Introduction and preliminaries
1.1 Introduction
The Finsler manifolds are interesting models for some physical phenomena, so their prop-
erties are useful to be investigate [3, 6, 14]. On the other hand in the paper [5] Bejancu
and Farran have initiated a study of interrelations between the geometry of foliations on
the tangent manifold of a Finsler space and the geometry of the Finsler space itself. The
main idea of their paper is to emphasize the importance of some foliations which exist
on the tangent bundle of a Finsler space (M,F ), in studying the differential geometry of
(M,F ) itself. In this direction, in the last decades, the geometrical aspects determined by
these foliations on the tangent manifold of a Finsler space were studied [2], [8], [12], [15].
The foliated manifolds, and some couple of foliations, one of them being a subfoliation of
the other, are also studied, related sometimes with cohomological theories, [9], [10], [11],
[16]. Our present work intends to develop the study of the Finsler spaces and the foliated
structures on the tangent manifold of such a space.
The paper is organized as follows: In the preliminary subsection we recall some basic
facts on Finsler spaces and we present some natural foliations on the tangent manifold
TM0 of a Finsler space (M,F ), according to [4], [5]. In the second section, using the
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vertical Liouville vector field Γ and the natural almost complex structure J on TM0 we
give an adapted basis in T (TM0). In the last section are given the main results of the
paper. There is identified a (n, 2n−1)-codimensional subfoliation (FV ,FΓ) on the tangent
manifold TM0 of a Finsler space (M,F ), where FV and FΓ are the vertical foliation and
the line foliation spanned by Γ, respectively. Firstly we make a general approach about
basic connections on the normal bundles related to this subfoliation and next a triple of
adapted basic connections with respect to this subfoliation is constructed. The methods
used here are similarly and closely related to those used in [9] for the general study of
(q1, q2)-subfoliations.
1.2 Preliminaries and notations
Let (M,F ) be a n-dimensional Finsler manifold with (xi, yi), i = 1, . . . , n the local coor-
dinates on TM (for necessary definitions see for instance [1, 3, 14]).
The vertical bundle V (TM0) of TM0 = TM − {zero section} is the tangent (struc-
tural) bundle to vertical foliation FV determined by the fibers of pi : TM →M and char-
acterized by xk = const. on the leaves. Also, we locally have V (TM0) = span
{
∂
∂yi
}
, i =
1, . . . , n.
A canonical transversal (also called horizontal) distribution to V (TM0) is constructed
by Bejancu and Farran in [4] pag. 225 or [5] as follows:
Let (gji(x, y))i×j be the inverse matrix of (gij(x, y))i×j , where
gij(x, y) =
1
2
∂2F 2
∂yi∂yj
(x, y), (1.1)
and F is the fundamental function of the Finsler space.
If consider the local functions
Gi =
1
4
gik
(
∂2F 2
∂yk∂xh
yh −
∂F 2
∂xk
)
, Gji =
∂Gj
∂yi
, (1.2)
then, there exists on TM0 a n-distribution H(TM0) locally spanned by the vector fields
δ
δxi
=
∂
∂xi
−Gji
∂
∂yj
, i = 1, . . . , n. (1.3)
The local basis
{
δ
δxi
, ∂
∂yi
}
, i = 1, . . . , n is called adapted to vertical foliation FV and we
have the decomposition
T (TM0) = H(TM0)⊕ V (TM0). (1.4)
If we consider the dual adapted bases {dxi, δyi = dyi + Gijdx
j}, then the Riemannian
metric G on TM0 given by the Sasaki lift of the fundamental metric tensor gij from (1.1)
satisfies
G
(
δ
δxi
,
δ
δxj
)
= G
(
∂
∂yi
,
∂
∂yj
)
= gij , G
(
δ
δxi
,
∂
∂yj
)
= 0, i, j = 1, . . . , n. (1.5)
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We also notice that there is a natural almost complex structure on TM0 which is com-
patible with G and locally defined by
J =
δ
δxi
⊗ δyi −
∂
∂yi
⊗ dxi , J
(
δ
δxi
)
= −
∂
∂yi
, J
(
∂
∂yi
)
=
δ
δxi
.
According to [6, 14] we have that (TM0, G, J) is an almost Ka¨hlerian manifold with the
almost Ka¨hler form given by
Ω(X,Y ) = G(JX, Y ), ∀X,Y ∈ X (TM0). (1.6)
It is easy to see that locally we have
Ω = gijδy
i ∧ dxi. (1.7)
Now, let us consider Γ = yi ∂
∂yi
the vertical Liouville vector field (or radial vertical
vector field) which is globally defined on TM0. We also consider LΓ = span {Γ} the
line distribution spanned by Γ on TM0 and the following complementary orthogonal
distributions to LΓ in V (TM
0) and T (TM0), respectively
L
′
Γ = {X ∈ Γ(V (TM
0)) : G(X,Γ) = 0}, (1.8)
L⊥Γ = {X ∈ Γ(T (TM
0)) : G(X,Γ) = 0}. (1.9)
In [5] it is proved that both distributions L
′
Γ
and L⊥
Γ
are integrable and we also have the
decomposition
V (TM0) = L
′
Γ ⊕ LΓ. (1.10)
Moreover, we have L⊥
Γ
= H(TM0)⊕ L
′
Γ
and the following result:
Proposition 1.1. i) The foliation F⊥Γ determined by the distribution L
⊥
Γ is just the
foliation determined by the level hypersurfaces of the fundamental function F of the
Finsler manifold, denoted by FF and called the fundamental foliation on (TM
0, G).
ii) For every fixed point x0 ∈M , the leaves of the vertical Liouville foliation F
′
Γ
deter-
mined by the distribution L
′
Γ
on Tx0M are just the c-indicatrices of (M,F ):
Ix0M(c) = {y ∈ Tx0M : F (x0, y) = c}. (1.11)
iii) The foliation F
′
Γ
is a subfoliation of the vertical foliation FV .
3
2 An adapted basis in T (TM0)
In this section, using the vertical Liouville vector field Γ and the natural almost complex
structure J on TM0, we give an adapted basis in T (TM0).
There are some useful facts which follow from the homogeneity condition of the fun-
damental function of the Finsler manifold (M,F ). By the Euler theorem on positively
homogeneous functions we have, [5]:
F 2 = yiyjgij ,
∂F
∂yk
=
1
F
yigki, y
i∂gij
∂yk
= 0, k = 1, . . . , n. (2.1)
Hence it results
G(Γ,Γ) = F 2. (2.2)
As we already saw, the vertical bundle is locally spanned by
{
∂
∂yi
}
, i = 1, . . . , n and it
admits decomposition (1.10). In the sequel, according to [13], we give another basis on
V (TM0), adapted to F
′
Γ
, and following [2], [13] we extend this basis to an adapted basis
in T (TM0).
We consider the following vertical vector fields:
∂
∂yk
=
∂
∂yk
− tkΓ, k = 1, . . . , n, (2.3)
where functions tk are defined by the conditions
G
(
∂
∂yk
,Γ
)
= 0,∀ k = 1, . . . , n. (2.4)
The above conditions become
G
(
∂
∂yk
, yi
∂
∂yi
)
− tkG(Γ,Γ) = 0
so, taking into account also (1.5) and (2.2), we obtain the local expression of functions tk
in a local chart (U, (xi, yi)):
tk =
1
F 2
yigki =
1
F
∂F
∂yk
, ∀ k = 1, . . . , n. (2.5)
If (U˜ , (x˜i1 , y˜i1)) is another local chart on TM0, in U ∩ U˜ 6= ∅, then we have:
t˜k1 =
1
F 2
y˜i1 g˜i1k1 =
1
F 2
∂x˜i1
∂xi
yi
∂xk
∂x˜k1
∂xj
∂x˜i1
gkj =
∂xk
∂x˜k1
tk.
So, we obtain the following changing rule for the vector fields (2.3):
∂
∂y˜i1
=
∂xk
∂x˜i1
∂
∂yk
, ∀ i1 = 1, . . . , n. (2.6)
By a straightforward calculation, using (2.1), it results:
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Proposition 2.1. ([13]). The functions {tk}, k = 1, . . . , n defined by (2.5) are satisfying:
i) yiti = 1, y
i ∂
∂yi
= 0;
ii) ∂tl
∂yk
= −2tktl +
1
F 2
gkl, Γtk = −tk, ∀ k, l = 1, . . . , n;
iii) yj
∂tj
∂yi
= −ti, ∀ i = 1, . . . , n, y
i(Γti) = −1.
Proposition 2.2. ([13]). The following relations hold:[
∂
∂yi
,
∂
∂yj
]
= ti
∂
∂yj
− tj
∂
∂yi
,
[
∂
∂yi
,Γ
]
=
∂
∂yi
, (2.7)
for all i, j = 1, n.
By conditions (2.4), the vector fields
{
∂
∂y1
, . . . , ∂
∂yn
}
are orthogonal to Γ, so they
belong to the (n−1)-dimensional distribution L
′
Γ
. It results that they are linear dependent
and, from Proposition 2.1 i), we have
∂
∂yn
= −
1
yn
ya
∂
∂ya
, (2.8)
since the local coordinate yn is nonzero everywhere.
We also proved that, [13]:
Proposition 2.3. The system
{
∂
∂y1
, . . . , ∂
∂yn−1
,Γ
}
of vertical vector fields is a locally
adapted basis to the vertical Liouville foliation F
′
Γ
, on V (TM0).
More clearly, let
(
U˜ , (x˜i1 , y˜i1)
)
,
(
U, (xi, yi)
)
be two local charts which domains over-
lap, where y˜k and yn are nonzero functions (in every local charts on TM0 there is at least
one nonzero coordinate function yi).
The adapted basis in U˜ is
{
∂
∂y˜1
, . . . , ∂
∂y˜k−1
, ∂
∂y˜k+1
, . . . , ∂
∂y˜n
,Γ
}
. In U ∩ U˜ we have
relations (2.6) and (2.8), hence
∂
∂y˜i1
=
n−1∑
i=1
(
∂xi
∂x˜i1
−
yi
yn
∂xn
∂x˜i1
)
∂
∂yi
,
∂
∂yj
=
n∑
j1=1,j1 6=k
(
∂x˜j1
∂xj
−
y˜j1
y˜k
∂x˜k
∂xj
)
∂
∂y˜j1
,
for all i1 = 1, . . . , n, i1 6= k, j = 1, . . . , n − 1. We can see that the above relations also
imply
∂xi
∂x˜k
−
yi
yn
∂xn
∂x˜k
= −
n∑
i1=1,i1 6=k
y˜i1
y˜k
(
∂xi
∂x˜i1
−
yi
yn
∂xn
∂x˜i1
)
.
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By a straightforward calculation we have that the changing matrix of basis{
∂
∂y1
, . . . ,
∂
∂yn−1
,Γ
}
→
{
∂
∂y˜1
, . . . ,
∂
∂y˜k−1
,
∂
∂y˜k+1
, . . . ,
∂
∂y˜n
,Γ
}
on V (TM0) = L′
Γ
⊕ LΓ has the determinant equal to (−1)
n+k y˜
k
yn
det
(
∂xi
∂x˜j
)
i,j=1,n
.
Also, we can denote
∂
∂ya
= Eia
∂
∂yi
, a = 1, . . . , n− 1,
where rankEia = n− 1 and E
i
ay
jgij = 0.
Now, using the natural almost complex structure J on T (TM0), the new local vector
field frame in T (TM0) is {
δ
δxa
, ξ,
∂
∂ya
,Γ
}
, (2.9)
where
ξ = JΓ = yi
δ
δxi
,
δ
δxa
= J
∂
∂ya
= Eia
δ
δxi
.
Since the vertical Liouville vector field Γ is orthogonal to the level hypersurfaces of the
fundamental function F , the vector fields
{
δ
δxa
, ξ, ∂
∂ya
}
are tangent to these hypersurfaces
in TM0, so they generate the distribution L⊥
Γ
. The indicatrix distribution L
′
Γ
is locally
generated by
{
∂
∂ya
}
, and the line distribution LΓ is spanned by Γ. Also, the vertical
foliation has the structural bundle locally generated by
{
∂
∂ya
,Γ
}
.
Finally, we notice that if we consider the line distribution Lξ spanned by the horizontal
Liouville vector field ξ then in [5] is proved that the distribution LΓ, Lξ and LΓ ⊕ Lξ,
respectively, are integrable and their foliations FΓ, Fξ and FΓ⊕ξ, respectively, are totally
geodesic foliations on (TM0, G).
Also denoting by L
′
ξ the complement of Lξ in H(TM
0), then it is easy to see that L
′
ξ
is locally spanned by the vector fields
{
δ
δxa
}
and we have the decomposition
L⊥Γ = Lξ ⊕ L
′
ξ ⊕L
′
Γ. (2.10)
Remark 2.1. In computation we shall replace the local basis
{
∂
∂ya
}
, a = 1, . . . , n − 1
by the system
{
∂
∂yi
}
, i = 1, . . . , n taking into account relation (2.8) for some easier
calculations.
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3 Subfoliations in the tangent manifold of a Finsler space
In this section, following [9], we briefly recall the notion of a (q1, q2)-codimensional subfo-
liation on a manifold and we identify a (n, 2n−1)-codimensional subfoliation (FV ,FΓ) on
the tangent manifold TM0 of a Finsler space (M,F ), where FV is the vertical foliation
and FΓ is the line foliation spanned by the vertical Liouville vector field Γ. Firstly we
make a general approach about basic connections on the normal bundles related to this
subfoliation and next a triple of adapted basic connections with respect to this subfoliation
is given.
Definition 3.1. Let M be a n-dimensional manifold and TM its tangent bundle. A
(q1, q2)-codimensional subfoliation on M is a couple (F1, F2) of integrable subbundles Fk
of TM of dimension n− qk, k = 1, 2 and F2 being at the same time a subbundle of F1.
For a subfoliation (F1, F2), its normal bundle is defined as Q(F1, F2) = QF21 ⊕QF1,
where QF21 is the quotient bundle F1/F2 and QF1 is the usual normal bundle of F1. So,
an exact sequence of vector bundles
0 −→ QF21
i
−→ QF2
pi
−→ QF1 −→ 0 (3.1)
appears in a canonical way.
Also if we consider the canonical exact sequence associated to the foliation given by
an integrable subbundle F , namely
0 −→ F
iF−→ TM
piF−→ QF −→ 0
then we recall that a connection ∇ : Γ(TM) × Γ(QF ) → Γ(QF ) on the normal bundle
QF is said to be basic if
∇XY = piF [X, Y˜ ] (3.2)
for any X ∈ Γ(F ), Y˜ ∈ Γ(TM) such that piF (Y˜ ) = Y .
Similarly, for a (q1, q2)-subfoliation (F1, F2) we can consider the following exact se-
quence of vector bundles
0 −→ F2
i0−→ F1
pi0−→ QF21 −→ 0 (3.3)
and according to [9] a connection ∇ on QF21 is said to be basic with respect to the
subfoliation (F1, F2) if
∇XY = pi0[X, Y˜ ] (3.4)
for any X ∈ Γ(F2) and Y˜ ∈ Γ(F1) such that pi0(Y˜ ) = Y .
7
3.1 A (n, 2n− 1)-codimensional subfoliation (FV ,FΓ) of (TM
0, G)
Taking into account the discussion from the previous section, for a n-dimensional Finsler
manifold (M,F ), we have on the 2n-dimensional tangent manifold TM0 a (n, 2n − 1)-
codimensional foliation (FV ,FΓ). We also notice that the metric structure G on TM
0
given by (1.5) is compatible with the subfoliated structure, that is
QFV ∼= H(TM
0), QFΓ ∼= L
⊥
Γ , V (TM
0)/LΓ ∼= L
′
Γ.
Let us consider the following exact sequences associated to the subfoliation (FV ,FΓ)
0 −→ LΓ
i0−→ V (TM0)
pi0−→ L
′
Γ −→ 0,
and to foliations FV and FΓ, respectively
0 −→ V (TM0)
i1−→ T (TM0)
pi1−→ H(TM0) −→ 0,
0 −→ LΓ
i2−→ T (TM0)
pi2−→ L⊥Γ −→ 0,
where i0, i1, i2, pi0, pi1, pi2 are the canonical inclusions and projections, respectively.
A triple (∇1,∇2,∇) of basic connections on normal bundles L
′
Γ
, H(TM0), L⊥
Γ
, re-
spectively, is called in [9] adapted to the subfoliation (FV ,FΓ).
Our goal is to determine such a triple of connections, adapted to this subfoliation.
By (3.4) a connection ∇1 on L
′
Γ
is basic with respect to the subfoliation (FV ,FΓ) if
∇1XZ = pi0[X, Z˜], ∀X ∈ Γ(LΓ), ∀ Z˜ ∈ Γ(V (TM
0)), pi0(Z˜) = Z. (3.5)
Proposition 3.1. A connection ∇1 on L
′
Γ
is basic if and only if
∇1ΓZ = [Γ, Z], ∀Z ∈ Γ(L
′
Γ).
Proof. Let ∇1 : V (TM0)×L
′
Γ
→ L
′
Γ
be a connection on L
′
Γ
such that ∇1
Γ
Z = [Γ, Z]. Let
X ∈ Γ(LΓ) be a section in the structural bundle of a the line foliation FΓ, so its form is
X = aΓ, with a a differentiable function on TM0. An arbitrary vertical vector field Z˜
which projects into Z ∈ L
′
Γ
is in the form
Z˜ = Z + bΓ
with b a differentiable function on TM0.
We have
[X, Z˜ ] = [aΓ, Z + bΓ]
= a[Γ, Z] + (aΓ(b)− bΓ(a)− Z(a))Γ.
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According to the second relation from (2.7) for any Z = Zi ∂
∂yi
∈ Γ
(
L
′
Γ
)
, we have
[Γ, Z] = (Γ(Zi)− Zi)
∂
∂yi
∈ Γ
(
L
′
Γ
)
,
so pi0[X, Z˜] = a[Γ, Z]. We also have ∇
1
XZ = a∇
1
ΓZ = a[Γ, Z] = pi0[X, Z˜ ], hence ∇
1 is a
basic connection on L
′
Γ
.
Conversely, by the second relation from (2.7), in the adapted basis
{
∂
∂yi
,Γ
}
in V (TM0),
every basic connection ∇1 on L
′
Γ
is locally satisfying
∇1Γ
∂
∂yi
= −
∂
∂yi
(3.6)
for any i = 1, . . . , n.
Now, if (3.6) is satsfied, then
∇1ΓZ = Γ(Z
i)
∂
∂yi
+ Zi∇1Γ
∂
∂yi
= Γ(Zi)
∂
∂yi
− Zi
∂
∂yi
.
Hence the condition (3.6) is equivalent with ∇1
Γ
Z = [Γ, Z], ∀Z ∈ Γ
(
L
′
Γ
)
.
Moreover, by relation (2.6), it follows that condition (3.6) has geometrical meaning.
We obtain the locally characterisation:
Proposition 3.2. A connection ∇1 on L
′
Γ
is basic if and only if in an adapted local chart
the relation (3.6) holds.
Now, by (3.2), a connection ∇2 on H(TM0) is basic with respect to the vertical
foliation FV if
∇2XY = pi1[X, Y˜ ] (3.7)
for any X ∈ Γ(V (TM0)) and Y˜ ∈ Γ(T (TM0)) such that pi1(Y˜ ) = Y
Proposition 3.3. A connection ∇2 on H(TM0) is basic if and only if in an adapted
local frame
{
δ
δxi
, ∂
∂yi
}
on T (TM0) we have
∇2∂
∂yi
δ
δxi
= 0
for any i = 1, . . . , n.
Proof. Obviously, the above condition has geometrical meaning since if (U˜ , (x˜i1 , y˜i1)) is
another local chart on TM0, in U ∩ U˜ 6= ∅, we have
δ
δx˜i1
=
∂xi
∂x˜i1
δ
δxi
,
∂
∂y˜j1
=
∂xj
∂x˜j1
∂
∂yj
.
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If ∇2 is a basic connection with respect to the vertical foliation, then by definition it
results
∇2∂
∂yj
δ
δxi
= pi1
[
δ
δxi
,
∂
∂yj
]
= pi1
(
∂Gki
∂yj
∂
∂yk
)
= 0.
Conversely, let ∇2 : T (TM0)×H(TM0)→ H(TM0) be a connection on H(TM0) which
locally satisfies
∇2∂
∂yi
δ
δxi
= 0
for any i = 1, . . . , n.
An arbitrary vertical vector field X has local expression X = Xi ∂
∂yi
and a vector field
Y˜ whose horizontal projection is Y = Y ih
δ
δxi
is by the form Y˜ = Y + Y iv
∂
∂yi
.
We calculate
∇2XY = X
i∇2∂
∂yi
(
Y jh
δ
δxj
)
= Xi
∂Y jh
∂yi
δ
δxj
,
[
X, Y˜
]
= Xi
∂Y jh
∂yi
δ
δxj
+
(
Xi
∂Y jv
∂yi
− Y ih
δXj
δxi
)
∂
∂yj
+XiY jh
[
∂
∂yi
,
δ
δxj
]
,
hence the relation (3.7) is verified, since
[
∂
∂yi
, δ
δxj
]
∈ Γ(V (TM0)). So, ∇2 is a basic
connection with respect to the vertical foliation FV .
Also, by (3.2), a connection ∇ on L⊥
Γ
is basic with respect to the line foliation FΓ if
∇XY = pi2[X, Y˜ ] (3.8)
for any X ∈ Γ(LΓ) and Y˜ ∈ Γ(T (TM
0)) such that pi2(Y˜ ) = Y .
We have the following locally characterisation of a basic connection on L⊥
Γ
:
Proposition 3.4. A connection ∇ on L⊥
Γ
is basic with respect to the line foliation FΓ if
and only if in an adapted local frame
{
δ
δxi
, ∂
∂yi
}
on L⊥
Γ
we have
∇Γ
δ
δxi
= 0, ∇Γ
∂
∂yi
= −
∂
∂yi
(3.9)
for any i = 1, . . . , n.
Proof. Let ∇ be a basic connection on L⊥
Γ
. Since L⊥
Γ
is locally generated by
{
δ
δxi
, ∂
∂yi
}
,
the condition (3.8) give us the following relations:
∇Γ
δ
δxi
= pi2
[
Γ,
δ
δxi
+ fΓ
]
= pi2
(
(Gji − Γ(G
j
i ))
∂
∂yj
+ Γ(f)Γ
)
= 0,
10
since by homogeneity condition of Finsler structure we have [5], [6], [14]:
Γ(Gji ) = y
k ∂G
j
i
∂yk
= yk
∂2Gj
∂yk∂yi
= Gji ,
and
∇Γ
∂
∂yi
= pi2
[
Γ,
∂
∂yi
+ fΓ
]
= pi2
(
−
∂
∂yi
+ Γ(f)Γ
)
= −
∂
∂yi
.
Conversely, let us consider ∇ : T (TM0)×L⊥Γ → L
⊥
Γ be a connection on L
⊥
Γ which locally
satisfies (3.9).
An arbitrary vector field Y ∈ Γ
(
L⊥
Γ
)
is locally given by Y = Y ih
δ
δxi
+ Y i ∂
∂yi
and a
vector field Y˜ ∈ Γ(T (TM0)) which projects by pi2 in Y is Y˜ = fΓ + Y . For an arbitrary
vector field X = aΓ ∈ Γ(LΓ) we calculate
∇XY = ∇aΓ(Y
i
h
δ
δxi
+ Y i
∂
∂yi
)
= aΓ(Y ih)
δ
δxi
+ aY ih∇Γ
δ
δxi
+ aΓ(Y i)
∂
∂yi
+ aY i∇Γ
∂
∂yi
= aΓ(Y ih)
δ
δxi
+ a(Γ(Y i)− Y i)
∂
∂yi
,
and
pi2[X, Y˜ ] = pi2
(
aΓ(f)Γ− fΓ(a)Γ + aΓ(Y ih)
δ
δxi
+ aY ih
[
Γ,
δ
δxi
])
+pi2
(
a(Γ(Y i)− Y i)
∂
∂yi
− Y ih
δa
δxi
Γ− Y i
∂a
∂yi
Γ
)
= aΓ(Y ih)
δ
δxi
+ a(Γ(Y i)− Y i)
∂
∂yi
,
since
[
Γ, δ
δxi
]
= 0. Thus, we have obtained that the connection ∇ is a basic one.
3.2 A triple of adapted basic connections to subfoliation (FV ,FΓ)
In [4, 5] there are studied several connections on T (TM0) and their relations with the
vertical and fundamental Liouville distributions. The Vraˆnceanu connection ∇∗ is locally
given with respect to basis
{
δ
δxi
, ∂
∂yi
}
adapted to vertical foliation, by [4]:
∇∗∂
∂yj
∂
∂yi
= Ckij
∂
∂yk
, ∇∗δ
δxj
∂
∂yi
= Gkij
∂
∂yk
,
∇∗∂
∂yj
δ
δxi
= 0, ∇∗δ
δxj
δ
δxi
= F kij
δ
δxk
,
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where
Ckij =
1
2
gkl
∂gij
∂yl
, Gkij =
∂Gkj
∂yi
,
F kij =
1
2
gkl
(
δgil
δxj
+
δgjl
δxi
−
δgij
δxl
)
.
The restriction of Vraˆnceanu connection to T (TM0)×H(TM0) is a connection onH(TM0)
denoted by ∇∗1, which satisfies the conditions from Proposition 3.3, so it is a basic con-
nection on H(TM0) with respect to vertical foliation FV .
On the other hand in [12] there is introduced the Vaisman connection, also called
second connection [17, 18], ∇v on V (TM0) as it follows. Let v : V (TM0) → L
′
Γ
,
h : V (TM0) → LΓ be the projection morphisms with respect to the decomposition
V (TM0) = L
′
Γ
⊕ LΓ. We search for a connection on V (TM
0) with the following proper-
ties:
a) If Y ∈ Γ(L
′
Γ
) (respectively ∈ Γ(LΓ)), then ∇
v
XY ∈ Γ(L
′
Γ
) (respectively ∈ Γ(LΓ)),
for every vertical vector field X.
b) v(T v(X,Y )) = 0, (respectively h(T v(X,Y )) = 0) if at least one of the arguments is
in L
′
Γ
, respectively in LΓ, where T
v is the torsion of the connection ∇v.
c) For every X,Y, Y ′ ∈ Γ(L
′
Γ
) (respectively ∈ Γ(LΓ)),
(∇vXG)(Y, Y
′) = 0.
d) Moreover, we need to give ∇vXY for every X ∈ H(TM
0) and we put the above a),
b) conditions also for X an horizontal vector field.
It is proved that ∇v locally verifies:
∇vΓ
∂
∂yi
= −
∂
∂yi
,
which means that ∇v is a basic connection on L
′
Γ
.
Indeed, if we put
∇vΓ
∂
∂yi
= sji
∂
∂yi
, ∇v
∂
∂yi
Γ = siΓ , ∇
v
ΓΓ = sΓ , ∇
v
∂
∂yi
∂
∂yj
= skij
∂
∂yk
,
∇vδ
δxi
∂
∂yj
= βkij
∂
∂yk
, ∇vδ
δxi
Γ = βiΓ,
then from T v
(
∂
∂yi
,Γ
)
= 0 we get si = 0 , s
j
i = 0 ∀ i 6= j , s
i
i = −1. For details concerning
the other coefficients see [12].
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Hence we have the basic connection ∇∗1 on H(TM
0) and the basic connection ∇v on
L
′
Γ
. Following [9], we can build now a connection on L⊥
Γ
as follows:
∇ : T (TM0)×L⊥Γ → L
⊥
Γ , ∇XZ = ∇
∗
1XZ
h +∇vXZ
′
for any Z = Zh + Z ′ ∈ Γ
(
L⊥Γ
)
= Γ
(
H(TM0)
)
⊕ Γ
(
L
′
Γ
)
and X ∈ Γ(T (TM0)).
By direct calculus we have
∇Γ
δ
δxi
= ∇∗1Γ
δ
δxi
= 0, ∇Γ
∂
∂yi
= ∇vΓ
∂
∂yi
= −
∂
∂yi
,
so the connection ∇ satisfies conditions from Proposition 3.4, hence it is a basic connection
on L⊥
Γ
.
Now, for the (n, 2n−1)-codimensional subfoliation (FV ,FΓ) we can consider the exact
sequence (3.1), namely
0 −→ L
′
Γ
i
−→ L⊥Γ
pi
−→ H(TM0) −→ 0
and the general theory of (q1, q2)-codimensional foliations, see [9], leads to the following
results:
Proposition 3.5. For the triple basic connections (∇v,∇∗1,∇) on L
′
Γ
, H(TM0) and L⊥
Γ
,
respectively, we have
i (∇vXY ) = ∇X i(Y ) , pi
(
∇XZ
)
= ∇∗1Xpi(Z) , ∀Y ∈ Γ
(
L
′
Γ
)
, Z ∈ Γ
(
L⊥Γ
)
.
Proposition 3.6. The triple of basic connections (∇v,∇∗1,∇) is adapted to the subfolia-
tion (FV ,FΓ) of (TM
0, G).
Remark 3.1. We notice that the connection ∇ = ∇v ⊕ ∇∗1 is a basic connection on
Q(FV ,FΓ) = L
′
Γ
⊕H(TM0) = L⊥
Γ
and its curvature K satisfy
K(X,Y ) = 0 , ∀X,Y ∈ Γ(LΓ). (3.10)
The Bott’s obstruction theorem for subfoliations (Theorem 3.9 [9]) leads to:
Corollary 3.1. Let P1 and P2 be homogeneous polynomials in the real Pontryagin classes
of L
′
Γ
and H(TM0) respectively, of degree lk, k = 1, 2. If at least one of the inequalities
l2 > 2n, l1 + l2 > 4n− 2 is satisfied, then P1 · P2 = 0.
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